It is shown that leading corrections, to the ionization energy, o f many-electrons atom , can be expressed as leading corrections of initial slope of trial variational solutions o f the Thomas-Fermi equation. Some variational solutions with different initial slopes are compared. A com parison o f the results shows, that as far as the binding energies are concerned a trial function with its slope not close to the (negative) Baker's constant may not be suited.
I. Introduction
It is well known that the Thomas-Fermi (TF) model [1] of many electrons atom, as it stands, shows poor predictions if com pared to the Hartree approxim ation [2] , the quantum mechanical equiv alent of the TF theory [3] .
Quite recently there has been a considerable renewed interest in calculating leading corrections [4] , to the binding energy of the TF-atom. The problem of incorporating the first leading correc tion in the TF-model, was predicted by Scott [5] , the values for the second and the third corrections were suggested by March and Paskett [6] and Schwinger [7] . It has been suggested by Tal and Levy [8] that a Z _1 expansion could lead to a better fit for the total binding energy of the TFatom.
In this paper we use the Z _1 expansion to reexpresse the ionization energy of many-electrons atom to the second leading corrections, in term of the initial slope of the trial variational solutions of the TF-equation, where no attention has been paid to the calculation of these nonzero order correc tions in terms of trial variational functions of the variational scheme [9] which replaces the TF theory. By restoring to the variational scheme many physical quantities such as the electric potential, the electron density within the atom , and the interaction energies between two TF-atoms can be calculated in terms of trial variational functions [9] .
Finally, we com pare three types of trial solutions that have, in the zero order corrections, been suggested in the literature to be suited for the low [10] , medium [11] and higher [12] atomic-number atoms. It is concluded that multiparameter solu tions are more suitable for the model and our cal culations show that the total ground-state binding energy of an atom is in excellent agreement, for all Z, with the Hartree-Fock (HF) method.
II. T hom as-F erm i Equation: Variational A pproach
Introducing the dimensionless variable x by where r is the distance from the nucleus, in units of the Bohr radius a0, and Z the atomic number, the TF-theory leads to the differential equation [1] which, for a neutral atom, is to be solved with the boundary and subsidiary (normalization) condi tions
and
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is the equivalent of (1) since substitution of (5) into the Euler-Lagrange equation
results in the TF-equation. In this variational scheme the function 0(x) is a trial function that depends on a number of appro priately chosen parameters [10] , 0 -0(C,, C2, . ..,Cj) (8) Once a trial function is chosen which satisfies the boundary conditions (2) and the normalization condition (3), and the integral in the variational principle (6) is performed, the quantity L (0 ) becomes a function of the parameters in 0, i.e. L (0) -L (Ci, Cj,..., Cj) , (9) from (9) 
III. T F -B inding Energies: Leading Corrections
The zero-order correction to the total binding energy E is calculated from [1] 
where B is the Baker's constant [13] . The cor responding binding energy then takes the form
In the variational scheme, 0(x) is a trial function occuring in (6) and (8) . For the leading corrections we use the Z ~1 expansion techniques introduced in [14] and applied to the TF-model in [8] where the expansion coefficients en(N) for n> 1 are generally not known, and for n = 0, the zeroorder coefficients Co(N) has the asymptotic form [15] e0 ( /V ) = a 00N l/3 + f l 01 , (16) 
For a neutral atom (N = Z ), (15) and (16) yield the following approximate recursion relation [8] :
where all terms containing e"(Z), n > 3 have been neglected. Moreover it can be shown that [16] E (17) and (19) it is possible to express (minus) the right handside of (18) as follows: 
R(Z) + s0(Z) = £"(Z)|[1 -ß 2(Z)]2-/f ( Z ) ]

+ 2ß(Z)[{ß1(Z)-\)el(Z)
Taking n in (22) to be a continuous variable as Z-> oo and replacing the summation by integration, one obtains the following asymptotic binding energy: [10] . The average error is calculated for ALL ATOMS in the range 1 ^Z < 8 6 with respect to the corresponding Hartree-Fock values.
The average error of a set (A") with respect to ( 7 ) , i = 1 , 2 , . . . , n, is defined by Thus with a correct choice of e0 (Z) [15] and ß {Z ) [8] , the resulting energy to the second leading cor rection can be written as
where
As can be easily seen the resulting (25) for the binding energy reduces to the zero-order TFenergy for 0 ' (0) = 0^(0), and F (Z )-> 1 corre sponding to large atomic number (see (14)). It can also be shown that this model, (25), reduces to the one given in [8] for the case in which 0'(O) = 0^(0), but F(Z) given by (27). In general, this model could be applied to various possible suitable trial functions.
IV . R esults and C onclusion
To test variational solutions, the energy nec essary to remove all electrons of an atom is cal culated from (25) proposed by Csavinszky [10] ).
The result is listed in Table 1 and Table 2 together with the corresponding Hartree-Fock values.
It is seen from Table 2 that solutions with initial slope close to Baker's constant give better results for the total ionization energy with an average error 0.323%. This suggests that for corrected energy, one may impose 0'(O) -0^(0), besides the boundary ones, and this requires a trial solution to be of multiparameter type. [12] . Trial solution proposed by Mu-Shiang [11] , Trial solution proposed by Csavinszky [10] . The average error is calculated for ALL ATOM S in the range 1 ^ Z < 86 with respect to the corresponding Hartree-Fock values.
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